
LIFE INSURANCE

PREMIUMS AND RESERVES.

OF THE

UNIVERSITY

BY

SHEPPARD HOMANS,
ft

CONSULTING ACTUARY.

[COPYRIGHT BY THE SPECTATOR COMPANY, i388.J

1888.

"THE SPECTATOR COMPANY,
16 DEY STREET, NEW YORK.

1888 - Life Insurance Premiums and Reserves - Homans - bonknote - 13p 1 of 13



LIFE INSURANCE PREMIUMS AND RESERVES,

BY SHEPPARD ROMANS, CONSULTING ACTUARY.

The basis of every sound system of life insurance is the MORTALITY TABLE.

While nothing is more uncertain than the duration of an individual life, the rates of

mortality,. or, in other words, the probabilities of living and dying in any one year at

each age among a large number of persons similiarly situated as regards family history,

climatic influences, etc., can be predicted with almost mathematical precision. The

rates of mortality among insured lives at the several ages have been carefully ascer-

tained by observations among a vast number of persons insured in British and Ameri-

can companies. These results are embodied in three mortality tables of standard

authority, viz :

The ACTUARIES, or COMBINED EXPERIENCE TABLE, deduced from the mortuary

statistics of seventeen British companies, and published in 1837.

The NEW ACTUARIES OR HM. TABLE, deduced from the later experience of

twenty British companies, and published in 1869.

The AMERICAN EXPERIENCE TABLE, deduced chiefly from the mortuary statistics

of the Mutual Life Insurance Company of New York.

Of these the last named table, confirmed, as it has been in a remarkable degree,

by the experience of other American companies, is by far the best index of the rates

of mortality which may be expected to prevail among insured lives in the United

States. This table has been adopted by nearly all American companies as a basis

for premiums and reserves, and by many States as a standard of valuation for contin-

gent insurance liabilities.

These tables do not differ materially from each other, and either would be a safe

basis for the transactions of American life insurance companies. Their teachings have

all the force of natural laws, and these teachings cannot be disregarded or violated

with impunity.

Columns (i) and (2) of the following Table No. i, show respectively the numbers

living and dying at each successive age out of 100,000 persons starting at the age of

ten years. Column (3) shows for each age the rate of mortality, or probability of

dying within one year. This is also the cost, without interest, to insure one dollar, or

unity, payable in case of death within the year, and is found, for any age, by

dividing the number of deaths by the number living. For instance, at age 40,

dividing 765, the number dying, by 78,106, the number living, we have .009794 as the

112686
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TABLE No. i.
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TABLE No. i Continued.
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per annum. Thus, for age 40, the sum of $9.42 paid in advance is the net cost to

secure $1000 payable at the end of the year provided death should occur within the

year. Similiarly at age 50, the cost to insure $1000 for one year is $13.25. At age

60, $25.67 ; at age 70, $59.61, etc. This cost of insurance for one year is, of course,

independent of the form of policy contract, or of the age at which the policy was

issued, and in general increases each year as a man grows older. These yearly in-

creasing costs of insurance are called natural premiums.

Z. It may be laid down as a fundamental principle that every life insurance company

must collect each year, in some way, either by direct payments, or partly from an

accumulated fund and partly by direct payments, the cost, according to these natural

premiums, to cover the insurance for the year of the net amount at risk on each and

every policy in force, based upon the actual age attained, regardless of the age at

entry, the form of policy contract, or the scale of premium payments, y.

These natural premiums, or cost of insurance for each separate year, constitute

the basis of all sound life insurance. Theoretically, the receipt each year of the

natural premium, or yearly cost of insuring the net amount at risk, based always upon

the actual age attained, will enable any company to meet all its insurance obligations at

maturity, on each and every policy in force. Practically, it is necessary to add, under

any form of policy contract, a margin for necessary expenses, and a further margin

to guard against adverse contingencies, such as epidemics, undue withdrawal of

sound lives, etc. But it cannot be too clearly stated that natural premium payments,

properly loaded, are not only sufficient, but are all-sufficient to meet all the insurance

obligations of any company, no matter what may be the forms of its policy contracts

or the methods of its premium adjustments. In fact, any payment in excess of the

natural premium applied to the net amount at risk and to the actual age attained is

outside of, and independent of, insurance, and should go to expenses, contingent fund,

investment or surplus. The natural premium in any year pays for the entire insurance

during that year, under any and every form of policy contract in any and every com-

pany.

Column (6) gives for each age the level or uniform premiums, to continue un-

changed through the remainder of life, as the consideration for securing $1000 payable

at the end of the year when death occurs. For instance, at age 40 the payment

of $22.35 annually in advance is the net premium at that age to secure $1000, pay-

able at the end of the year when death occurs. These level premiums are the com-

muted equivalents of the natural, or increasing premiums, as shown in column (5).

We will now examine the principles upon which these level premiums are deter-

mined.

^The first step is to ascertain the net single premium or amount to be paid down

in one sum to secure $1000 payable at death, whenever that event shall happen. It

is manifest that this single premium is the sum total of the separate costs of insuring

one dollar, or unity, in each successive year, discounted at the rate of interest assumed

to the present date or age. As we have seen, the net cost without interest at age 40
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to secure $i, payable at the end of one year in case of death during the first year,

is .009794. To find its net present value, paid down, we must discount this cost for

one year at the rate of interest assumed. The present value of one dollar, payable

certain at the end of one year, at four per cent interest, is .961538. The net present

value of one dollar, or unity, payable at the end of one year in case of death, on the

basis of the American Table four per cent interest is for age 40 years .009794 X

.961538 =.0094177. [See columns (i), (2), and (3), Table No. 2.] In the same way

the net present value of one dollar, or unity, payable at the end of two years, provided

a person now aged 40 should die in the second year, or between ages 41 and 42, is

found by dividing 774, the number dying, by 78,106, the number living at age 40,

and discounting the quotient for two years. Thus ^loe =.009910; this multiplied by

924 556 =.0091620, and this is the cost at age 40 to secure one dollar, or unity, payable

at the end of two years in case of death during the second year. Again, the net pres-

ent value of one dollar, payable in case a man now aged 40 years should he die in the

eleventh year, or between ages 50 and 51, is .0080006. These separate values are

shown in column No. 3 in Table No. 2. Their sum total is .3675747, and this is the

net single premium paid down to secure one dollar, or unity, payable at the end of the

year, when a person now aged 40 years dies, whenever that event shall happen.

By a similar course of reasoning the net present value of one dollar, or unity,

payable annually in advance during the remainder of life at any age, is the sum total

of the present values of the separate chances of surviving during each successive year,

discounted to the present date or age. Thus for age 40 the present value of one dollar

in advance is unity or one dollar. The present value, without interest, of one dollar,

payable in one year, or at age 41, is, as we have seen, .990206. This multiplied by

.961538, the discount, gives .95212 as the present value of one dollar, payable at the

end of one year, or at age 41, provided a person now aged 40 be then alive. The

present value of one dollar, payable in ten years, or at age 50, provided a person now

aged 40 be then alive, is $J?{jJ =.893 709 multiplied by .675564= .60376. These suc-

cessive net present values are found in column (6). Their sum total is 16.44311, and

this is the present value of one dollar per annum in advance during the lifetime of a

person now aged 40 years upon the basis adopted.

As already shown, the net single premium at age 40 to secure one dollar, or

unity, payable at the end of the year when death occurs, is .3675747. Proportionally,

a net single premium of $16.43311 would secure $44.7341 payable at death. But

$16.44311 is also the net present value at age 40 of an annual premium of one dollar.

Therefore, a net level or uniform premium of $22.3543 would, at age 40, secure

$1000 payable at death. [See column (6), Table No. i.]

Let us now suppose a company to consist of 78,106 persons, each aged 40 years,

each insured for $1000, or $78,106,000 in all, and each paying the net annual pre-

mium of $22.3543. The following table No. 3 has been prepared to show the progress

of the fund each year until the last death claim has been paid at the age of 96 years,

on the basis of the American Experience Table and four per cent interest. Column
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TABLE No. 3.

78,106 PERSONS. AGED 40 YEARS, INSURED FOR $1,000 EACH.
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(i) shows the total premiums paid by those alive at the beginning of each successive

year. Column (2) shows the fund at the beginning of each year just after the pre-

miums have been paid. Column (3) shows the interest on the fund each year. Column

(4) shows the death claims in each year. Column (5) shows the fund at the end of each

successive year. Column (6) shows the share held for account of each survivor in each

successive year (found by dividing the total fund by the number of persons surviving),

and this is also the net investment reserve upon each policy.

The functions of the investment reserve will be made clearly apparent by a study

of Table No. 4, which has been prepared to illustrate the appropriation each year of the

component parts of an ordinary whole life level premium of $313, paid annually in ad-

vance, to secure $10,000 at the death of a man now aged 40 years (or, rather, at the

end of the year when death occurs). Column (i) shows the net reserve at the end of

each successive year. Column (2) shows the corresponding net amount at risk borne

by the company during each successive year. This is always the difference between

the face of the policy and the net reserve, which last, being in hand, is not subject to

any insurance risks. Column (3) shows the net cost to insure $10,000 during each

separate year by the scale of natural premiums, as indicated in column (5), Table i.

Column (4) shows the cost to insure the net amounts at risk at the successive ages in-

dicated in the margins. Column (5) shows the deposit portion of the annual premium

in each year, which, until the age of 68 is attained in the example given, goes to swell

the investment reserve or accumulated deposit. After the age of 68 the yearly costs to

insure the net amount at risk exceed the entire net premiums, and hence the deficien-

cies (as indicated by the minus sign) must be supplied by drawing from the reserve

fund.

From the foregoing it will be apparent :

(i.) Every level premium policy is in reality a contract for a yearly decreasing

amount of insurance, and a yearly increasing amount of investment. It is a combina-

tion of insurance, which is one thing, with investment, which is quite another thing.

There is no necessary connection between the two. Insurance or indemnity may be

purchased without investment, as investment may be purchased without insurance.

The investment element does not add to the security of the insurance, the yearly cost

of which depends, under any and every form of policy, upon the net amount at risk

borne by the company, and the actual, present, attained age of the person whose life

is exposed to mortality. For instance, in the example given (Table No. 4) of a whole

life insurance policy of $10,000, issued at the age of 40, the reserve or invested de-

posits, at the end of twenty years, or at age 60, is $3,730.35. Now, this sum is in

hand, and is not subject to any insurance hazard, hence the net amount at risk for that

year is $6,269.65 only. The cost to insure $10,000 for one year at age 60, as shown

in column (3), is $256.67. Proportionately the cost to insure $6,269.65, the net

amount at risk, is $160.92, and this is all the insurance done by the company with re-

spect to that policy during that year. At age 70 the net amount at risk is only

$4,254.74, the cost of which for that year, $253.50, is $29.96 more than the net an-

8
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TABLE No. 4.

WHOLE LIFE INSURANCE BY LEVEL OR UNIFORM PREMIUMS. AGE AT ISSUE 40 YEARS
AMOUNT INSURED $10,000. ANNUAL PREMIUM DURING LIFE, $313.

AGE.
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nual premium ($223.54). The deficiency for that year, as well as the deficiencies for

each subsequent year, as shown in column (5), must be met by drawing on the in-

vestment reserve, or accumulated fund, the express functions of which is to provide for

the excessive cost of insurance in old age when the level premium is insufficient for

that purpose.

(2). The investment reserve is occasioned solely by the artificial condition in the

level premium contract, which provides that the premiums shall not increase as the

insured grows older, and to enable the company to pay the sum insured as an endow-

ment.

(3). Whether the combination of insurance and investment is desirable or advan-

tageous, depends upon the manner in which each is administered. If either the in-

surance or the investment can be obtained on better terms separately, the combina-

tion of the two is certainly undesirable and disadvantageous to the policyholder.

Instead of contracting with a life insurance company for both insurance and in-

vestment, which together make up the sum insured, two separate contracts might be

made the one with a life company for the yearly decreasing amounts of insurance

only, see column (2) table 4, the other with a savings bank or trust company for

accumulating the deposit, or investment portions of the yearly premium, see column (5)

of the same table. In case of death in such case the insurance company would pay

the net amount insured only, column (2), while the savings bank would pay the ac-

cumulated deposits, column (i), the two together making up the full amount guar-

anteed.

To show even more clearly how the insurance and investment elements may be

completely separated the following tables have been prepared.

Table No. 5 illustrates the case of an endowment assurance issued at age of forty

years for $10,000 payable in ten years or at death if prior. The net premium only

($853.62) is considered the margin for expenses and adverse contingencies being dis-

regarded.

Tables 6 and 7 are intended to show how the same result can be secured by

purchasing a ten-year term insurance with the insurance company, annual premium

$106.03, and a pure endowment (payable only in case of survival) by depositing the

residue ($747.59) of the endowment assurance premium for accumulation. In case of

death at any time during the ten years, the insurance company would pay the full

amount insured, and the endowment fund would be lost. In case of surviving, the

$10,000 would be paid as an endowment, and the insurance would cease.

The same principles apply to any other term of years, as a whole life policy is in

reality an endowment assurance payable on attaining the age of ninety-six years, or

at death if prior.

10
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Comparison of an endowment assurance contract, a ten year term level premium

contract, and a pure endowment contract. Amount $10,000, and age at issue 40

years, in each case :

TABLE No, 5.

ENDOWMENT ASSURANCE, ANNUAL PREMIUM $853.62.

YEAR.
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Insurance and investment therefore have no necessary connection either one

may be obtained without the other.

(4). Pure insurance, unmixed with banking or investment, involves the payment

of natural premiums, which inevitably and inexorably increase with age. The only

way to avoid these increasing rates is to pay largely in excess of the requirements for

current death claims in the earlier years, and thus provide a fund upon which to draw

in the later years that is to say, by combining investment with insurance. The first

is known as the natural premium plan, the second as the level premium plan. Prop-

erly administered, the one is as safe and as sound as the other, as both depend upon

the application of the same laws of nature which govern the rates of mortality, or the

probability of living and dying in each successive year of life. In fact, as before

stated, level premiums are simply the commuted equivalents of the increasing or

natural premiums. In both systems, the company must alike be furnished with the

cost of insuring the net amount at risk at the actual age attained on each and every

policy in force. This cost is independent of the form of policy contract, the age at

issue, or the scale of premium charged. This cost, as previously stated, may be fur-

nished either by direct, present payments, as by natural premiums, or partly by direct

present payments, and partly by drawing upon the investment reserve or accumulated

deposits, a fund contributed by the policyholder for this express purpose.

There are only two sound systems of life insurance; the one by natural premiums,

increasing each year as a man grows older ; the other, by level premiums, which

necessitate investments or accumulated payments largely in excess during the

earlier years to meet the deficiencies of the uniform, unchanging premiums in later

years. The attempts by so many co-operative or assessment companies to furnish in-

surance by assessments based upon the age at entry, and which rates do not increase

with age must inevitably result in disappointment and disaster, Natural laws may not

be violated with impunity.

SHEPPARD ROMANS.

NEW YORK, May 10, 1888.
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